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LOCAL ORBIT TYPES OF THE ISOTROPY
REPRESENTATIONS FOR SEMISIMPLE
PSEUDO-RIEMANNIAN SYMMETRIC SPACES
KURANDO BABA
Abstract. We list up all the possible local orbit types of hyperbolic
or elliptic orbits for the isotropy representations of semisimple pseudo-
Riemannian symmetric spaces. It is key to give a recipe to determine
the local orbit types of hyperbolic principal orbits by using three kind of
restricted root systems and Satake diagrams associated with semisimple
pseudo-Riemannian symmetric spaces.
Introduction
Let G/H be a semisimple pseudo-Riemannian symmetric space. The
isotropy representation of G/H is called an s-representation. In this paper,
we investigate all the possible local orbit types (i.e., the conjugate classes of
isotropy subalgebras) of hyperbolic or elliptic orbits for the s-representation
of G/H by using three kind of restricted root system associated with G/H .
An orbit is said to be hyperbolic principal (resp. elliptic principal) if it is a
hyperbolic orbit (resp. an elliptic orbit) whose local orbit type is the small-
est one among the hyperbolic orbits (resp. the elliptic orbits). We also
investigate the local orbit type of a hyperbolic principal orbit and an el-
liptic principal orbit by using the three kind of Satake diagrams associated
with G/H . The present work is based on the paper [1]. In 1992, Heintze
and Olmos ([11]) determined the isotropy subalgebras of the orbits in the
case where G/H is Riemannian. Moreover, in 2007, Boumuki ([4]) gave the
isotropy subalgebras of elliptic orbits in the case where G/H is a semisimple
Lie group.
We state the main result of this paper. Let G/H be a semisimple pseudo-
Riemannian symmetric space. Denote by g (resp. h) the Lie algebra of G
(resp. H). Let σ be an involution of g whose fixed point set coincides with
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h. Set q := {X ∈ g | σ(X) = −X}, which is identified with the tangent
space of G/H at eH . Here e is the identity element of G. Let a be a vector-
type maximal split abelian subspace of q. Denote by ∆ the restricted root
system of G/H with respect to a. Let Ψ be a simple root system of ∆,
and ∆+ be the positive root system of ∆ with respect to Ψ . Set, for any
Θ ⊂ Ψ , hΘ := zh +
∑
λ∈∆Θ∩∆+
hλ, where zh denotes the centralizer of a in h,
hλ denotes the root subspace of h for λ, and ∆Θ := ∆ ∩
∑
λ∈ΘRλ. Denote
by [hΘ] the conjugate class of hΘ, and by (m
+(λ), m−(λ)) the signature of
λ ∈ ∆. LetW(∆) be the Weyl group of ∆ andW(∆a) be the Weyl group of
∆a, where ∆a := {λ ∈ ∆ | m+(λ) > 0}. Then we have the following result.
Theorem A. Let w1, w2, . . . , wl be a complete system of representatives for
W(∆)/W(∆a). The set of all local orbit types of the hyperbolic orbits for
the s-representation of G/H coincides with
l⋃
i=1
{
[hΘ] | Θ ⊂ wi · Ψ
}
, (1)
where wi · Ψ denotes the set of all the functions wi · λ(λ ∈ Ψ ) defined by
wi · λ(A) = λ(w−1i (A)) for all A ∈ a.
A major difficulty in indefinite case arises from the fact that W(∆) is not
necessarily isomorphic to NH(a)/ZH(a), where NH(a) (resp.ZH(a)) denotes
the normalizer (resp. the centralizer) of a in H . Note that wi’s (wi ∈
W(∆)/W(∆a)) are not necessarily preserve the signatures of the roots in
Ψ invariantly, so that, for 1 ≤ i 6= j ≤ l, {[hΘ] | Θ ⊂ wi · Ψ} and
{[hΘ] | Θ ⊂ wj · Ψ} are not necessarily equal to each other (cf. Example
5.1). In positive definite case,W(∆) is equal to Ad(H)|a and therefore l = 1
holds. For classical-type semisimple pseudo-Riemannian symmetric spaces,
we give the lists of the indices ofW(∆)/W(∆a) (cf. Table 2). From Theorem
A, in order to determine the set of local orbit types, it is sufficient to deter-
mine {[hΘ] | Θ ⊂ wi · Ψ} for each i ∈ {1, 2, . . . , l}. In [1], we gave a recipe
to determine {[hΘ] | Θ ⊂ Π} for a simple root system Π of ∆. It follows
from our recipe that for each Θ ⊂ Π, hΘ corresponds to the subdiagram
of the Dynkin diagram associated with Π, and is determined by the hyper-
bolic principal isotropy subalgebra and a semisimple subsymmetric pair of
(g, h) associated with ∆Θ (see page 315 in [1]). By applying our recipe to
wi · Ψ for each i ∈ {1, . . . , l}, we can determine (1). Our recipe is analogous
to determine the local orbit types of the orbits for the isotropy action on
Riemannian symmetric spaces of compact type by Tamaru ([16]).
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Remark 1. Similarly, the set of all local orbit types of the elliptic orbits for
the s-representation is also determined by using the restricted root system
with respect to a troidal-type maximal split abelian subspace.
The isotropy subalgebra of a hyperbolic principal orbit is isomorphic to
zh, which is called a hyperbolic principal isotropy subalgebra (abbreviated to
HPIS). Suppose that θ is a Cartan involution of g commuting with σ and
a is a subspace of p, where p := Ker(θ + id). Set k := Ker(θ − id). Let
aq (resp. ap) be a maximal abelian subspace of q (resp. p) containing a. By
using the Satake diagrams associated with G/H with respect to a, aq and ap,
we investigate the (Lie algebra) structure of zh. Moreover, we give a recipe
to determine zh (cf. Recipe 4.6 in Section 4). We obtained the these Satake
diagrams for classical-type semisimple pseudo-Riemannian symmetric spaces
in [2]. Then we have the following result in terms of Table 1 in [2].
Theorem B. The hyperbolic principal isotropy subalgebras of the s-represen-
tationsassociated with all classical-type semisimple pseudo-Riemannian sym-
metric spaces are as in Table 1.
Table 1: The hyperbolic principal isotropy subalgebras
(g, h) HPIS Remarks
(sl(n,C), sl(n,R)) R[(n−1)/2] + so(2)[n/2]
(sl(n,R)2, sl(n,R)) Rn−1
(sl(n,C), so(n,C)) {0}
(sl(2n,C), su∗(2n)) Rn−1 + so(2)n
(su∗(2n)2, su∗(2n)) Rn−1 + sp(1)n
(sl(2n,C), sp(n,C)) sp(1,C)n
(sl(n,C), su(p, n− p)) so(2)n−1
(su(p, n− p)2, su(p, n− p)) R
p + so(2)p + su(n− 2p) n > 2p
R
p + so(2)p−1 n = 2p
(sl(n,C), sl(p,C) + sl(n− p,C) +C) C
p + sl(n− 2p,C) n > 2p
C
p−1 n = 2p
(so(2n,C), so∗(2n)) so(2)n
(so∗(2n)2, so∗(2n))
R
m + su(2)m + so(2) n = 2m+ 1
R
m + su(2)m n = 2m
(so(2n,C), sl(n,C) +C)
sl(2,C)m +C n = 2m+ 1
sl(2,C)m n = 2m
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Table 1: (continued)
(g, h) HPIS Remarks
(so(n,C), so(p, n− p))
so(2)m
n = 2m+ 1
p = 2q
so(2)m +R
n = 2m
p = 2q + 1
so(2)m
n = 2m
p = 2q
(so(p, n− p)2, so(p, n− p)) Rp + so(n− 2p)
(so(n,C), so(p,C) + so(n− p,C)) so(n− 2p,C)
(sp(n,C), sp(n,R)) so(2)n
(sp(n,R)2, sp(n,R)) Rn
(sp(n,C), sl(n,C) +C) {0}
(sp(n,C), sp(p, n− p)) so(2)n
(sp(p, n− p)2, sp(p, n− p)) Rp + sp(1)p + sp(n− 2p)
(sp(n,C), sp(p,C) + sp(n− p,C)) sp(1,C)p + sp(n− 2p,C)
(sl(n,R), so(p, n− p)) {0}
(su(p, n− p), so(p, n− p)) so(n− 2p)
(sl(n,R), sl(p,R) + sl(n− p,R) +R) R
p + sl(n− 2p,R) n > 2p
R
p−1 n = 2p
(su∗(2n), sp(p, n− p)) sp(1)n
(su(2p, 2(n− p)), sp(p, n− p)) sl(2,C)p + sp(n− 2p)
(su∗(2n), su∗(2p) + su∗(2(n− p)) +R) R
p + sp(1)p + su∗(2(n− 2p)) n > 2p
R
p−1 + sp(1)p n = 2p
(sl(2n,R), sp(n,R)) sp(1,R)n
(su∗(2n), so∗(2n)) u(1)n
(su(n, n), so∗(2n)) {0}
(sl(2n,R), sl(n,C) + so(2)) Rn−1
(su∗(2n), sl(n,C) + so(2))
R
m + su(2)m + so(2) n = 2m+ 1
R
m−1 + su(2)m n = 2m
(su(n, n), sp(n,R))
sp(1,C)m + sp(1,R) n = 2m+ 1
sp(1,C)m n = 2m
(su(n, n), sl(n,C) +R) so(2)n−1
(so∗(2n), su(p, n− p) + so(2))
su(2)m + so(2)
n = 2m+ 1
p = 2q
su(2)m + so(2)
n = 2(m+ 1)
p = 2q + 1
su(2)m
n = 2m
p = 2q
(so(2p, 2(n− p)), su(p, n− p) + so(2)) su(1, 1)p + u(n− 2p)
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Table 1: (continued)
(g, h) HPIS Remarks
(so∗(2n), so∗(2p) + so∗(2(n− p))) so(2)p + so∗(2(n− 2p))
(so(n, n), so(n,C)) {0}
(so∗(2n), so(n,C)) so(2)[n/2]
(so(n, n), sl(n,R) +R)
R + sl(2,R)m n = 2m+ 1
sl(2,R)m n = 2m
(so∗(4n), su∗(2n) +R) sp(1)n
(sp(n,R), su(p, n− p) + so(2)) {0}
(sp(p, n− p), su(p, n− p) + so(2)) u(1)p + u(n− 2p)
(sp(n,R), sp(p,R) + sp(n− p,R)) sp(1,R)p + sp(n− 2p,R)
(sp(n,R), sl(n,R) +R) {0}
(sp(n, n), sp(n,C)) sp(1)n
(sp(2n,R), sp(n,C)) sp(1,R)n
(sp(n, n), su∗(2n) +R) u(1)n
(g, h) = (su(n,m), su(i, j) + su(n− i,m− j) + so(2))
HPIS Remarks
so(2)n−1 i+ j = n = m
so(2)n + su(m− n) n < i+ j = m
so(2)m+n−(i+j) + su(i+ j − n, i+ j −m) n ≤ m < i+ j
so(2)n + su(m− n) n = i+ j < m
so(2)n+1 + su(i + j − n) + su(m− (i+ j)) n < i+ j < m
so(2)i+j + su(n− (i + j),m− (i+ j)) i+ j < n ≤ m
(g, h) = (so(n,m), so(i, j) + so(n− i,m− j))
HPIS Remarks
{0} i+ j = n = m
so(m− n) n < i+ j = m
so(i+ j − n, i+ j −m) n ≤ m < i+ j
so(m− n) n = i+ j < m
so(i + j − n) + so(m− (i+ j)) n < i+ j < m
so(n− (i+ j),m− (i+ j)) i+ j < n ≤ m
(g, h) = (sp(n,m), sp(i, j) + sp(n− i,m− j))
HPIS Remarks
sp(1)n i+ j = n = m
sp(1)n + sp(m− n) n < i+ j = m
sp(1)m+n−(i+j) + sp(i + j − n, i+ j −m) n ≤ m < i+ j
sp(1)n + sp(m− n) n = i+ j < m
sp(1)n + sp(i+ j − n) + sp(m− (i + j)) n < i+ j < m
sp(1)i+j + sp(n− (i+ j),m− (i+ j)) i+ j < n ≤ m
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It is a difficult problem to determine the structures of the HPISs, since
these are not necessarily compact. By using the Satake diagram associated
with G/H with respect to a, we determine the structure of zCg , where zg
denotes the centralizer of a in g. Moreover, we investigate the decomposition
zg = zg ∩ h + zg ∩ q and zg = zg ∩ k + zg ∩ p by using the Satake diagrams
associated with G/H with respect to a, aq and ap. In positive definite
case, the isotropy subalgebras are compact, so that, in order to investigate
the structures of the isotropy subalgebras, it is sufficient to investigate the
dimension of their centers and the Dynkin diagrams of their semisimple parts
by using the Satake diagram with respect to a.
The organization of this paper is as follows. In Section 1, we give prelim-
inaries for the restricted root systems with respect to maximal split abelian
subspaces for semisimple pseudo-Riemannian symmetric spaces. Moreover,
we recall the notion of the Satake diagrams. In Section 2, we prove Theorem
A. In Section 3, we shall give a complete representatives forW(∆)/W(∆a) in
the case where G/H is of classical-type except for (∆,∆a) = (An−1, Ap−1 ×
An−p−1). In the case of (∆,∆
a) = (An−1, Ap−1 × An−p−1), we give a recur-
sive formula for W(∆)/W(∆a) (Proposition 3.1). By using the formula
(2), we give a complete representative for W(∆)/W(∆a) in the case of
(∆,∆a) = (A4, A1×A2) (Example 3.2). In Section 4, we shall give a recipe to
determine the (Lie algebra) structures of HPISs (Recipe 4.6). Moreover, we
give examples for (g, h) = (su(2p, 2(n−p)), sp(p, n−p)), (sl(n,C), sl(n,R))
(Example 4.7 and 4.8). In Section 5, we investigate the isotropy subal-
gebras of the hyperbolic orbits for the s-representation of a semisimple
pseudo-Riemannian symmetric space G/H . We give all the possible lo-
cal orbit types of hyperbolic orbits for the s-representation associated with
(sl(4,R), so(2, 2)) (Example 5.1). We also give all the possible local or-
bit types of hyperbolic orbits for the s-representations associated with all
classical semisimple pseudo-Riemannian symmetric spaces in the case where
∆ = ∆a, (∆,∆a) = ((BC)r, Br) or (∆,∆
a) = (Cr, Dr) (Example 5.2 and
5.3). In Section 6, we discuss the relation between the local orbit types of
the elliptic orbits and those of the hyperbolic orbits.
Research plan in the future. We will explicitly give a standard complete
system of representatives forW(∆)/W(∆a) for exceptional-type semisimple
pseudo-Riemannian symmetric spaces. Moreover, we will give HPISs for
these spaces. We will develop the submanifold geometry of orbits for s-
representations by using their isotropy subalgebras.
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1. Preliminaries
Let G be a connected semisimple noncompact Lie group, and σ be an
involution of G. Let H be a closed subgroup of G with (Gσ)0 ⊂ H ⊂
Gσ, where Gσ denotes the fixed point group of σ and (Gσ)0 denotes the
identity component of Gσ. The pair (G,H) is called a semisimple symmetric
pair. Then the coset space G/H equipped with the metric induced from the
Killing form of the Lie algebra g of G is a semisimple pseudo-Riemannian
symmetric space. The holonomy representation of G/H is equivalent to the
s-representation. Denote by AdG (resp. adg) the adjoint representation of
G (resp. g). The involution σ of G induces an involution of g, which is also
denoted by the same symbol σ. Then the Lie algebra h of H coincides with
{X ∈ g | σ(X) = X}. The pair (g, h) is called a semisimple symmetric
pair. Set q := {X ∈ g | σ(X) = −X}. The s-representation is equivalent
to the representation Ad of H on q defined by Ad(h) = AdG(h)|q for all
h ∈ H . An element X ∈ q is said to be semisimple if the endomorphism
adg(X)
C is diagonalizable, where adg(X)
C is the complexification of adg(X).
A semisimple element X ∈ q is said to be hyperbolic (resp. elliptic) if any
eigenvalue of adg(X)
C is real (resp. pure imaginary). An orbit through a
hyperbolic (resp. an elliptic) element is called a hyperbolic orbit (resp. an
elliptic orbit). Denote by HX the isotropy subgroup of H at X ∈ q, by hX
the Lie algebra of HX . It is clear that HAd(h)X = hHXh
−1 and hAd(h)X =
AdG(h)hXhold for all h ∈ H . The conjugate classes {hHXh−1 | h ∈ H}
and {AdG(h)hX | h ∈ H} are called an orbit type and a local orbit type,
respectively.
We recall the notion of the restricted root systems with respect to maximal
split abelian subspaces for semisimple pseudo-Riemannian symmetric spaces
(cf. [15], [14]). Let a be a maximal split abelian subspace of q (i.e., a maximal
abelian subspace of q which consists of only hyperbolic elements or only
elliptic elements). We say that a is vector-type (resp. troidal-type) if all
elements of a are hyperbolic (resp. elliptic). Set, for any λ ∈ a∗,
gλ := {X ∈ g | ad(A)X = (
√−1)ǫλ(A)X, ∀A ∈ a},
hλ := {X ∈ h | ad(A)2X = (−1)ǫλ(A)2X, ∀A ∈ a},
qλ := {X ∈ q | ad(A)2X = (−1)ǫλ(A)2X, ∀A ∈ a},
where ǫ = 0 (resp. 1) when a is vector-type (resp. troidal-type). Denote by
∆ := {λ ∈ a∗ \ {0} | gλ 6= {0}} = {λ ∈ a∗ \ {0} | qλ 6= {0}}, which is
called the restricted root system of G/H (or (g, h)) with respect to a. The
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dimension of a is called the split rank of G/H (or (g, h)), which is denoted by
s-rank(G/H) (or s-rank(g, h)). Note that, for each λ ∈ ∆, the restriction of
the Killing form of g to qλ×qλ is a nondegenerate inner product of qλ, whose
index denotes m−(λ). Set, for each λ ∈ ∆, m(λ) := dim qλ and m+(λ) :=
m(λ)−m−(λ). We call m(λ) and (m+(λ), m−(λ)) the multiplicity of λ and
the signature of λ, respectively. A symmetric pair (g, h) is called basic if
m+(λ) ≥ m−(λ) for any λ ∈ ∆ such that 1
2
λ 6∈ ∆. Let ε be a signature
of ∆, i.e., ε is a mapping from ∆ to {±1} satisfying the two conditions:
(i) ε(λ + µ) = ε(λ)ε(µ) (λ, µ, λ + µ ∈ ∆), and (ii) ε(−λ) = ε(λ) (λ ∈ ∆).
Denote by σε the involution of g defined by
σε(X) =

σ(X) (X ∈ zg),ε(λ)σ(X) (X ∈ gλ, λ ∈ ∆).
Then (g, hε) is a semisimple symmetric pair, where hε = Ker(σε−id). Denote
by zg, zh and zq the centralizer of a in g, h and q, respectively. Then we have
the following decompositions.
Lemma 1.1. Let ∆+ be a positive root system of ∆.
g = zg +
∑
λ∈∆
gλ, h = zh +
∑
λ∈∆+
hλ, q = zq +
∑
λ∈∆+
qλ.
Denote by sλ the reflection of a along the hyperplane λ
−1(0), and W(∆) by
the Weyl group of ∆ (i.e., the group generated by sλ’s (λ ∈ ∆)). Let Ψ be
a simple root system of ∆. Then {A ∈ a | λ(A) > 0, ∀λ ∈ Ψ} is a Weyl
chamber associated with ∆, and W(∆) acts simply transitively on the set
of the Weyl chambers associated with ∆.
Next, we recall three Satake diagrams associated with three kind of re-
stricted root systems associated with semisimple pseudo-Riemannian sym-
metric spaces (cf. [2]). For simplicity, in the sequel, suppose that a is a
vector-type maximal split abelian subspace of q. It is known that a is vector-
type if and only if a is a maximal abelian subspace of p ∩ q, where p is the
(−1)-eigenspace of certain Cartan involution commuting with σ. Fix a such
Cartan involution θ. Set k := {X ∈ g | θ(X) = X}. Let aq (resp. ap) be a
maximal abelian subspace of q (resp. p) containing a. Let a˜ be a maximal
abelian subalgebra of g containing aq and ap. Then a˜
C is a Cartan subal-
gebra of gC . Denote by R the root system of gC with respect to a˜C . We
define the vector Aα(α ∈ R) of a˜C by B(A,Aα) = α(A) for all A ∈ a˜C ,
where B denotes the Killing form of gC . Set a˜R := SpanR{Aα | α ∈ R}.
Then we have a˜R =
√−1a˜ ∩ (k ∩ h) + ap ∩ h +
√−1aq ∩ k + a. Fix a
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basis A := (A1, A2, . . . , Ar) of a˜R such that (A1, A2, . . . , Al) is a basis of
a, (Al+1, Al+2 . . . , Am) is a basis of
√−1(aq ∩ k), (Am+1, Am+2, . . . , Am+n−l)
is a basis of ap ∩ h, and (Am+n−l+1, . . . , Ar) is a basis of
√−1a˜ ∩ (k ∩ h),
where l := s-rank(g, h), m := rank(g, h), n := rank(g, k) and r := rank(gC).
Take the lexicographic ordering > of the dual space of a˜R with respect to
A. Denote by Φ the simple root system of R with respect to >. From the
Dynkin diagram of R associated with Φ we construct the Satake diagram
S(G/H, a) (or S(g, h, a)) associated with G/H with respect to a as follows.
First, replace white circles in the Dynkin diagram, which imply elements
in Φ0 := {α ∈ Φ | α|a = 0}, to a black circle. Second, if simple roots
α, β ∈ Φ\Φ0 and α|a = β|a, then join α to β with a curved arrow. Similarly,
we construct the Satake diagrams S(G/H, aq) (or S(g, h, aq)) associated with
G/H with respect to aq. Note that the Satake diagram with respect to ap
coincides with the Satake diagram S(G/K, ap) of the Riemannian symmet-
ric space G/K with respect to ap, where K denotes the Lie subgroup of
G with Lie algebra k. By the definition of >, S(G/H, a), S(G/H, aq) and
S(G/K, ap) are constructed from the Dynkin diagram of the same simple
root system of Φ. Then S(G/H, a), S(G/H, aq) and S(G/K, ap) are said to
be compatible with one another. Set Φ0,p := {α ∈ R | α|ap = 0}. Denote by
pθ the Satake involution of S(G/K, ap). By the classification of the Satake
diagrams of irreducible Riemannian symmetric spaces, we have the following
fact.
Lemma 1.2. Let G/K be an irreducible Riemannian symmetric space.
Then the Satake diagram of G/K has the following two properties.
(1) If β ∈ Φ \ Φ0,p is disconnected with the roots of Φ0,p, then (−θ)β = pθβ
holds.
(2) If β ∈ Φ \ Φ0,p is connected with a root of Φ0,p, then (−θ)β ≡ pθβ
mod {〈β〉}Z, where 〈β〉 (⊂ Φ0,p) denotes the union of the connected com-
ponents of Φ0,p connected with β.
2. Proof of Theorem A
Let (g, h) be a semisimple symmetric pair, and σ be a involution of g with
h = Ker(σ − id). Suppose that a is a vector-type maximal split abelian
subspace of q (:= Ker(σ + id)). Denote by ∆ the restricted root system of
(g, h) with respect to a.
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Proof of Theorem A. Let θ be a Cartan involution of g commuting with σ,
and g = k+ p be the Cartan decomposition corresponding to θ. Any vector-
type maximal split abelian subspace is Ad(H)-conjugate to a θ-invariant
one. Without loss of generality, we may assume that a is a maximal abelian
subspace of p∩q. By Lemma 2 of [15], if A ∈ a and Ad(h)A ∈ a (h ∈ H), then
there exists a k ∈ NH∩K(a) such that Ad(h)A = Ad(k)A, where NH∩K(a) :=
{k ∈ H ∩ K | Ad(k)a = a}. Therefore Ad(H)X and Ad(H)Y (X, Y ∈
a) are same orbit if and only if X is conjugate in Y in NH∩K(a). Set
ZH∩K(a) := {h ∈ H ∩K | Ad(h)A = A, ∀A ∈ a}. Then the quotient group
NH∩K/ZH∩K is isomorphic to the Weyl group W(∆a) associated with ∆a.
Let w1, w2, . . . , wl be a complete system of representatives forW(∆)/W(∆a).
Then we can show that a =
⋃l
i=1C(wi · Ψ ) and that
⋃l
i=1Ad(H)(C(wi · Ψ ))
coincides with the set of all the hyperbolic elements in q, where C(wi ·Ψ ) :=
{A ∈ a | λ(A) > 0, ∀λ ∈ wi·Ψ} and C(wi · Ψ ) denotes the closure of C(wi·Ψ ).
Hence we have
Lh(G/H) := {[hA] | A ∈ q is hyperbolic}
=
l⋃
i=1
{
[hA]
∣∣A ∈ C(wi · Ψ )}.
For each Θ ⊂ wi · Ψ , set C(wi · Ψ,Θ) := {A ∈ a | λ(A) > 0(∀λ ∈ (wi · Ψ ) \
Θ), µ(A) = 0(∀µ ∈ Θ)}(⊂ C(wi · Ψ )). Then, for any two subsets Θ,Θ′ of
wi ·Ψ , we have C(wi ·Ψ,Θ)∩C(wi ·Ψ,Θ′) = ∅ if Θ 6= Θ′. Therefore C(wi · Ψ )
is decomposed as
C(wi · Ψ ) =
⋃
Θ⊂wi·Ψ
C(wi · Ψ,Θ) (disjoint).
Moreover, for any A ∈ C(wi ·Ψ,Θ), Θ is a simple root system of ∆A(:= {λ ∈
∆ | λ(A) = 0}). This implies that, for all A ∈ C(wi · Ψ,Θ),
hA = zh +
∑
λ∈∆A∩∆+
hλ = zh +
∑
λ∈∆Θ∩∆+
hλ = hΘ,
where ∆Θ = ∆ ∩
∑
λ∈ΘRλ. Hence we have
Lh(G/H) =
l⋃
i=1
⋃
Θ⊂wi·Ψ
{
[hA]
∣∣A ∈ C(wi · Ψ,Θ)}
=
l⋃
i=1
{
[hΘ]
∣∣Θ ⊂ wi · Ψ}.

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3. Complete systems of representatives for W(∆)/W(∆a)
Let (g, h) be a semisimple symmetric pair and σ be an involution of g
with h = Ker(σ− id). Suppose that θ is a Cartan involution of g commuting
with σ, and a is a maximal abelian subspace of p ∩ q. Denote by ∆ the
restricted root system of (g, h) with respect to a. Set ha = Ker(σ ◦ θ − id).
It is clear that ha = k∩ h+ p∩ q holds. Then ha is reductive, and (ha, k∩ h)
is a Riemannian symmetric pair whose restricted root system is ∆a := {λ ∈
∆ | gλ ∩ ha 6= {0}}. Denote by W(∆) (resp. W(∆a)) the Weyl group of
∆ (resp. ∆a). In this section, for classical-type semisimple symmetric pairs
(g, h), we shall give a complete system of representatives for W(∆)/W(∆a).
First, we shall list up the types of ∆ and ∆a, and the index |W(∆)/W(∆a)|
of W(∆)/W(∆a) (i.e. the cardinality of W(∆)/W(∆a)) (see, Table 2). In
Table 2, nCk is a binomial coefficient and, for a Lie algebra l, we denote by
l2 the direct sum l+ l.
Table 2: The index of W(∆)/W(∆a)
(g, h) Type of ∆ Type of ∆a Index Remarks
(sl(n,C), sl(n,R))
(BC)m Bm 1 n = 2m + 1
Cm Dm 2 n = 2m
(sl(n,R)2, sl(n,R)) An−1 An−1 1
(sl(n,C), so(n,C)) An−1 An−1 1
(sl(2n,C), su∗(2n)) Cn Cn 1
(su∗(2n)2, su∗(2n)) An−1 An−1 1
(sl(2n,C), sp(n,C)) An−1 An−1 1
(sl(n,C), su(p, n− p)) An−1 Ap−1×An−p−1 nCp
(su(p, n− p)2, su(p, n− p))
(BC)p (BC)p 1 n > 2p
Cp Cp 1 n = 2p
(sl(n,C), sl(p,C) + sl(n− p,C) +C)
(BC)p (BC)p 1 n > 2p
Cp Cp 1 n = 2p
(so(2n,C), so∗(2n)) Dn An−1 2
n−1
(so∗(2n)2, so∗(2n))
(BC)m (BC)m 1 n = 2m + 1
Cm Cm 1 n = 2m
(so(2n,C), sl(n,C) +C)
(BC)m (BC)m 1 n = 2m + 1
Cm Cm 1 n = 2m
(so(n,C), so(p, n− p))
Bm Dq ×Bm−q 2mCq
n = 2m + 1
p = 2q
Bm Bq ×Bm−q mCq
n = 2(m+1)
p = 2q + 1
Dm Dq ×Dm−q 2mCq
n = 2m
p = 2q
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Table 2: (continued)
(g, h) Type of ∆ Type of ∆a Index Remarks
(so(p, n− p)2, so(p, n− p))
Bp Bp 1 n > 2p
Dp Dp 1 n = 2p
(so(n,C), so(p,C) + so(n− p,C))
Bp Bp 1 n > 2p
Dp Dp 1 n = 2p
(sp(n,C), sp(n,R)) Cn An−1 2
n
(sp(n,R)2, sp(n,R)) Cn Cn 1
(sp(n,C), sl(n,C) +C) Cn Cn 1
(sp(n,C), sp(p, n− p)) Cn Cp × Cn−p nCp
(sp(p, n− p)2, sp(p, n− p))
(BC)p (BC)p 1 n > 2p
Cp Cp 1 n = 2p
(sp(n,C), sp(p,C) + sp(n− p,C))
(BC)p (BC)p 1 n > 2p
Cp Cp 1 n = 2p
(sl(n,R), so(p, n− p)) An−1 Ap−1×An−p−1 nCp
(su(p, n− p), so(p, n− p))
(BC)p Bp 1 n > 2p
Cp Dp 2 n = 2p
(sl(n,R), sl(p,R) + sl(n− p,R) +R)
(BC)p Bp 1 n > 2p
Cp Dp 2 n = 2p
(su∗(2n), sp(p, n− p)) An−1 Ap−1×An−p−1 nCp
(su(2p, 2(n− p)), sp(p, n− p))
(BC)p (BC)p 1 n > 2p
Cp Cp 1 n = 2p
(su∗(2n), su∗(2p) + su∗(2(n− p)) +R)
(BC)p (BC)p 1 n > 2p
Cp Cp 1 n = 2p
(sl(2n,R), sp(n,R)) An−1 An−1 1
(su∗(2n), so∗(2n)) An−1 An−1 1
(su(n, n), so∗(2n)) Cn Cn 1
(sl(2n,R), sl(n,C) + so(2)) Cn Cn 1
(su∗(2n), sl(n,C) + so(2))
(BC)m (BC)m 1 n = 2m + 1
Cm Cm 1 n = 2m
(su(n, n), sp(n,R))
(BC)m (BC)m 1 n = 2m + 1
Cm Cm 1 n = 2m
(su(n, n), sl(n,C) +R) Cn An−1 2
n
(so∗(2n), su(p, n− p) + so(2))
(BC)m Cq × (BC)m−q mCq
n = 2m + 1
p = 2q
(BC)m Cq × (BC)m−q mCq
n = 2(m+1)
p = 2q + 1
Cm Cq × Cm−q mCq
n = 2m
p = 2q
(so(2p, 2(n− p)), su(p, n− p) + so(2))
(BC)p (BC)p 1 n > 2p
Cp Cp 1 n = 2p
(so∗(2n), so∗(2p) + so∗(2(n− p)))
(BC)p (BC)p 1 n > 2p
Cp Cp 1 n = 2p
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Table 2: (continued)
(g, h) Type of ∆ Type of ∆a Index Remarks
(so(n, n), so(n,C)) Dn An−1 2
n−1
(so∗(2n), so(n,C))
(BC)m Bm 1 n = 2m + 1
Cm Dm 2 n = 2m
(so(n, n), sl(n,R) +R)
(BC)m Bm 1 n = 2m + 1
Cm Dm 2 n = 2m
(so∗(4n), su∗(2n) +R) Cn An−1 2
n
(sp(n,R), su(p, n− p) + so(2)) Cn Cp × Cn−p nCp
(sp(p, n− p), su(p, n− p) + so(2))
(BC)p (BC)p 1 n > 2p
Cp Cp 1 n = 2p
(sp(n,R), sp(p,R) + sp(n− p,R))
(BC)p (BC)p 1 n > 2p
Cp Cp 1 n = 2p
(sp(n,R), sl(n,R) +R) Cn An−1 2
n
(sp(n, n), sp(n,C)) Cn An−1 2
n
(sp(2n,R), sp(n,C)) Cn Cn 1
(sp(n, n), su∗(2n) +R) Cn Cn 1
(g, h) = (su(n,m), su(i, j) + su(n− i,m− j) + so(2))
Type of ∆ Type of ∆a Index Remarks
Cn Ci × Cn−i nCi i+ j = n = m
(BC)n Ci × (BC)n−i nCi n < i+ j = m
(BC)m+n−(i+j) (BC)m−j × (BC)n−i m+n−(i+j)Cn−i n ≤ m < i+ j
(BC)n (BC)i × Cn−i nCi n = i+ j < m
(BC)n (BC)i × (BC)n−i nCi n < i+ j < m
(BC)i+j (BC)i × (BC)j i+jCi i+ j < n ≤ m
(g, h) = (so(n,m), so(i, j) + so(n− i,m− j))
Type of ∆ Type of ∆a Index Remarks
Dn Di ×Dn−i 2nCi i+ j = n = m
Bn Di ×Bn−i 2nCi n < i+ j = m
Bm+n−(i+j) Bm−j ×Bn−i m+n−(i+j)Cn−i n ≤ m < i+ j
Bn Bi ×Dn−i 2nCi n = i+ j < m
Bn Bi ×Bn−i nCi n < i+ j < m
Bi+j Bi ×Bj i+jCi i+ j < n ≤ m
(g, h) = (sp(n,m), sp(i, j) + sp(n− i,m− j))
Type of ∆ Type of ∆a Index Remarks
Cn Ci × Cn−i nCi i+ j = n = m
(BC)n Ci × (BC)n−i nCi n < i+ j = m
(BC)m+n−(i+j) (BC)m−j × (BC)n−i m+n−(i+j)Cn−i n ≤ m < i+ j
(BC)n (BC)i × Cn−i nCi n = i+ j < m
(BC)n (BC)i × (BC)n−i nCi n < i+ j < m
(BC)i+j (BC)i × (BC)j i+jCi i+ j < n ≤ m
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If ∆ = ∆a holds, then {id} (id: the identity transformation of a) gives a
complete system of representative for W(∆)/W(∆a). Assume that (g, h) is
an irreducible symmetric pair with ∆a ( ∆. Without loss of generality, we
assume that (g, h) = (g′, h′ε(λ)) for suitable basic symmetric pair (g
′, h′) and
λ ∈ Ψ ′, where Ψ ′ is a simple root system of the restricted root system of
(g′, h′) and ε(λ) denotes the signature of ∆ defined by ε(µ) = 1 if µ ∈ Ψ ′\{λ},
ε(λ) = −1 (cf. Section 6 in [14]). Note that by using this assumption, we
can express the inclusion ∆a ⊂ ∆ explicitly (see, Table V in [14] and Table
1, 2 in [13]).
In the sequel, we shall follow notations of irreducible root systems in [7]:
An = {ei − ej | 1 ≤ i 6= j ≤ n+ 1},
Bn = {ei ± ej | 1 ≤ i < j ≤ n} ∪ {ei | 1 ≤ i ≤ n},
Cn = {ei ± ej | 1 ≤ i < j ≤ n} ∪ {2ei | 1 ≤ i ≤ n},
Dn = {ei ± ej | 1 ≤ i < j ≤ n},
(BC)n = {ei ± ej | 1 ≤ i < j ≤ n} ∪ {ei, 2ei | 1 ≤ i ≤ n}.
Denote by sλ (λ ∈ ∆) the reflection on a along λ−1(0).
3.1. Type (∆,∆a) = (Cn, An−1). Assume that
An−1 = {ei − ej | 1 ≤ i 6= j ≤ n} ⊂ Cn.
Ψ := {ei − ei+1 | 1 ≤ i ≤ n − 1} ∪ {2en} is a simple root system of ∆. For
∆ = Cn, W(∆) is generated by all permutations of e1, . . . , en, and all sign
changes of the coefficients for e1, . . . , en. Set
ti =

sei−ei+1 · · · sen−1−ens2ensen−1−en · · · sei−ei+1 (1 ≤ i ≤ n− 1),s2en (i = n).
SinceW(∆a) is generated all permutations of e1, . . . , en, we have ti 6∈ W(∆a).
Therefore all sign changes, that is,
{∏n
i=1 t
li
i | li = 0, 1
}
gives a complete sys-
tem of representatives for W(∆)/W(∆a). Indeed,
(
n∏
i=1
tlii
)−1 n∏
i=1
tkii =
n∏
i=1
tli+kii 6∈ W(∆a)
is equivalent to li0 6= ki0 for some 1 ≤ i0 ≤ n.
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3.2. Type (∆,∆a) = (Cn, Dn). Assume that
Dn = {±ei ± ej | 1 ≤ i < j ≤ n} ⊂ Cn.
Ψ := {ei − ei+1 | 1 ≤ i ≤ n − 1} ∪ {2en} is a simple root system of ∆.
Since W(∆a) is generated by all permutations of e1, . . . , en and all even
sign changes of e1, . . . , en, we have s2en 6∈ W(∆a). Hence {id, s2en} gives a
complete system of representatives for W(∆)/W(∆a).
3.3. Type (∆,∆a) = (Dn, An−1). Assume that
An−1 = {ei − ej | 1 ≤ i 6= j ≤ n} ⊂ Dn.
Ψ := {ei − ei+1 | 1 ≤ i ≤ n− 1} ∪ {en−1 + en} is a simple root system of ∆.
By the assumption, W(∆a) is generated by all permutations of e1, . . . , en.
By a similar argument for the case of type (Cn, An−1), all even sign changes,
that is,
{∏n−1
i=1 (sei−ei+1sei+ei+1)
li | li = 0, 1
}
give a complete system of repre-
sentatives for W(∆)/W(∆a).
Remark 2. Assume that ∆ = Dn and
∆a = {ei − ej | 1 ≤ i 6= j ≤ n− 1} ∪ {±(ei + en) | 1 ≤ i ≤ n− 1}(∼= An−1).
Then we can prove that
{∏n−1
i=1 (sei−ei+1sei+ei+1)
li | li = 0, 1
}
gives a complete
system of representatives for W(∆)/W(∆a).
3.4. Type (∆,∆a) = (An−1, Ap−1 × An−p−1). Assume that
Ap−1 × An−p−1
= {ei − ej | 1 ≤ i 6= j ≤ p} ∪ {ei − ej | p+ 1 ≤ i 6= j ≤ n} ⊂ An−1.
Ψ := {ei − ei+1 | 1 ≤ i ≤ n − 1} is a simple root system of ∆ and Ψ ∩
∆a = {ei − ei+1 | i 6= p} is a simple root system of ∆a. For p = 0, n, we
have ∆ = ∆a, so that id gives a complete system of representative. For
p = 1, . . . , n− 1, we give the following formula for W(∆)/W(∆a).
Proposition 3.1.
W(∆)/W(∆a) (2)
=W(Γ)/W(Γa) ∪
{
wsen−1−en · · · sep−ep+1
∣∣∣∣ w ∈ W(Γ)/W(Γ˜)
}
,
where Γ := {ei − ej | 1 ≤ i 6= j ≤ n − 1}(⊂ ∆), Γa := Γ ∩ ∆a and
Γ˜ := {ei − ej | 1 ≤ i 6= j ≤ p− 1} ∪ {ei − ej | p ≤ i 6= j ≤ n− 1}.
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Proof. By using the formula nCp = n−1Cp−1+ n−1Cp, the cardinalities of the
both sides in (2) are the same. Let wi (1 ≤ i ≤ n−1Cp−1) (resp. zj (1 ≤
j ≤ n−1Cp)) be a complete system of representatives for W(Γ)/W(Γa)
(resp.W(Γ)/W(Γ˜)). By the definition of Γa, W(Γa) is generated by all per-
mutations of e1, . . . , ep and all permutations of ep+1, . . . , en−1. For wi, wj (i 6=
j), we have w−1i wj(ep) = ek for some p + 1 ≤ k ≤ n − 1. This implies
that w−1i wj 6∈ W(∆a) holds. Indeed, any element in W(∆a) must preserve
{e1, . . . , ep} invariantly. For wi, zj , we have
w−1i (zjsen−1−en · · · sep−ep+1)(ep) = w−1i zj(en) = en.
This implies that w−1i (zjsen−1−en · · · sep−ep+1) 6∈ W(∆a) holds. For zi, zj (i 6=
j), we have z−1i zj(ek1) = ek2 for some 1 ≤ k1 ≤ p − 1 and p ≤ k2 ≤ n − 1.
Then we have
(zisen−1−en · · · sep−ep+1)−1(zjsen−1−en · · · sep−ep+1)(ek1)
= (sep−ep+1 · · · sen−1−en)(z−1i zj)(ek1) = (sep−ep+1 · · · sen−1−en)(ek2)
∈ {ep+1, . . . , en}.
Therefore (zisen−1−en · · · sep−ep+1)−1(zjsen−1−en · · · sep−ep+1) 6∈ W(∆a). Hence
all wi’s and zj ’s are not equivalent to each other in W(∆a). This proves
Proposition 3.1. 
Remark 3. By using Proposition 3.1, we can give a complete system of
representatives for W(∆)/W(∆a), recursively.
Example 3.2 (Type (∆,∆a) = (A4, A1 × A2)). We shall give a complete
system of representatives for W(∆)/W(∆a) by using Proposition 3.1. Set
Γk := {ei − ej | 1 ≤ i 6= j ≤ k}(⊂ ∆) for 1 ≤ k ≤ 5, and
Γl,p = {ei − ej | 1 ≤ i 6= j ≤ p} ∪ {ei − ej | p+ 1 ≤ i 6= j ≤ l}(⊂ Γl)
for 0 ≤ p ≤ l ≤ 5. Set si = sei−ei+1 for 1 ≤ i ≤ 4. Then we have
W(∆)/W(∆a)
=W(Γ5)/W(Γ5,2)
=W(Γ4)/W(Γ4,2) ∪ {ws4s3s2 | w ∈ W(Γ4)/W(Γ4,1)}
=W(Γ3)/W(Γ3,2) ∪ {ws3s2 | w ∈ W(Γ3)/W(Γ3,1)}
∪ {ws4s3s2 | w ∈ W(Γ4)/W(Γ4,1)}
=W(Γ2)/W(Γ2,2) ∪ {ws2 | w ∈ W(Γ2)/W(Γ2,1)}
∪ {ws3s2 | w ∈ W(Γ3)/W(Γ3,1)} ∪ {ws4s3s2 | w ∈ W(Γ4)/W(Γ4,1)}
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Moreover, we have W(Γ2)/W(Γ2,2) = {id},
W(Γ2)/W(Γ2,1) =W(Γ1)/W(Γ1,1) ∪ {ws1 | w ∈ W(Γ1)/W(Γ1,0)}
= {id, s1},
W(Γ3)/W(Γ3,1) =W(Γ2)/W(Γ2,1) ∪ {ws2s1 | w ∈ W(Γ2)/W(Γ2,0)}
= {id, s1, s2s1},
W(Γ4)/W(Γ4,1) =W(Γ3)/W(Γ3,1) ∪ {ws3s2s1 | w ∈ W(Γ3)/W(Γ3,0)}
= {id, s1, s2s1, s3s2s1}.
Therefore we conclude that
W(∆)/W(∆a) =
{
id, s2, s1s2, s3s2, s1s3s2, s2s1s3s2, s4s3s2,
s1s4s3s2, s2s1s4s3s2, s3s2s1s4s3s2
}
.
3.5. Type (∆,∆a) = (Bn, Bp × Bn−p), (Cn, Cp × Cn−p), ((BC)n, Cp ×
(BC)n−p) or ((BC)n, (BC)p×(BC)n−p).We consider the case where (∆,∆a)
is of type (Bn, Bp × Bn−p). Assume that
Bp × Bn−p
= {±ei ± ej | 1 ≤ i < j ≤ p}
∪ {±ei ± ej | p+ 1 ≤ i < j ≤ n} ∪ {±ei | 1 ≤ i ≤ n} ⊂ Bn.
Since W(∆) is equal to the Weyl group for Cn (cf. Subsection 3.1), and
W(∆a) is generated by all permutations of e1, . . . , ep, all permutations of
ep+1, . . . en and all sign changes of the coefficients of e1, . . . , en, we have
W(∆)/W(∆a) =W(Λ)/W(Λa), where Λ := {ei − ej | 1 ≤ i 6= j ≤ n}(⊂ ∆)
and Λa = Λ ∩∆a. Moreover, by applying Proposition 3.1 to W(Λ)/W(Λa),
we can give a complete system of representatives for W(∆)/W(∆a). The
arguments in the other cases are similar.
3.6. Type (∆,∆a) = (Dn, Dp×Dn−p) or (Bn, Dp×Bn−p). We consider the
case where (∆,∆a) is of type (Dn, Dp ×Dn−p). Assume that
Dp ×Dn−p
= {±ei ± ej | 1 ≤ i < j ≤ p} ∪ {±ei ± ej | p+ 1 ≤ i < j ≤ n} ⊂ Dn.
ThenW(∆a) is generated by all permutations of e1, . . . , ep, all permutations
of e1, . . . , ep, all even sign changes of e1, . . . , ep and all even sign changes of
ep+1, . . . , en. In particular, sep−ep+1sep+ep+1 6∈ W(∆a) holds. Hence
W(∆)/W(∆a) = {(sep−ep+1sep+ep+1)lw | l = 0, 1, w ∈ W(Λ)/W(Λa)},
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where Λ := {ei − ej | 1 ≤ i 6= j ≤ n}(⊂ ∆) and Λa = Λ ∩ ∆a. By
applying Proposition 3.1 to W(Λ)/W(Λa), we can give a complete system
of representatives for W(∆)/W(∆a). By a similar argument, we can give a
complete system of representatives in the case of type (Bn, Dp × Bn−p).
4. Determination of hyperbolic principal isotropy
subalgebras
In this section, we shall determine the (Lie algebra) structure of the HPIS
for s-representation of an irreducible semisimple pseudo-Riemannian sym-
metric space G/H by using the Satake diagrams associated with G/H . De-
note by g (resp. h) the Lie algebra of G (resp.H). Let σ be an involution of g
with h = Ker(σ− id). Suppose that θ is a Cartan involution of g commuting
with σ. Set k := Ker(θ − id) and p := Ker(θ + id). Let a be a maximal
abelian subspace of p ∩ q and aq (resp. ap) be a maximal abelian subspace
of q (resp. p) containing a. Let a˜ be a maximal abelian subalgebra of g con-
taining aq + ap. Note that any hyperbolic principal isotropy subalgebra is
equal to the centralizer zh of a in h. Denote by zg the centralizer of a in g.
Since zg is invariant under σ and θ, we have the decomposition
zg = zg ∩ (k ∩ h) + zg ∩ (p ∩ h) + zg ∩ (k ∩ q) + zg ∩ (p ∩ q).
It is clear that zg∩ (p∩ q) = a. We also have the decomposition zg = zcg+ zsg,
where zcg (resp. z
s
g) denotes the center (resp. the semisimple part) of zg. It is
clear that zcg is contained in a˜. Then their decomposition are compatible,
i.e.,
zcg = z
c
g ∩ (k ∩ h) + zcg ∩ (p ∩ h) + zcg ∩ (k ∩ q) + zcg ∩ (p ∩ q),
zsg = z
s
g ∩ (k ∩ h) + zsg ∩ (p ∩ h) + zsg ∩ (k ∩ q) + zsg ∩ (p ∩ q).
Set a˜s = a˜ ∩ zsg and a˜c = a˜ ∩ zcg. We can obtain the dimension of a˜c ∩ (k ∩ h)
(resp. a˜c∩ (p∩h), a˜c∩ (k∩ q)) by calculating dim a˜∩ (k∩h)−dim a˜s∩ (k∩h)
(resp. dim a˜ ∩ (p ∩ h)− dim a˜s ∩ (p ∩ h), dim a˜ ∩ (k ∩ q)− dim a˜s ∩ (k ∩ q)).
(cf. Recipe 4.6)
4.1. The structure of zCg . Denote by R the root system of g
C with respect
to a˜C , and by gCα the root space of g
C associated with α ∈ R. Then we have
the decomposition
(zsg)
C = SpanC{Aα | α ∈ R0}+
∑
α∈R0
gCα ,
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and dimC(z
c
g)
C = dimC a˜
C − rankR0, where Aα ∈ a˜C (α ∈ R) defined by
α(A) = B(A,Aα) for all A ∈ a˜C (B is the Killing form of gC), and R0 = {α ∈
R | α|a = 0}. Let Φ be a simple root system of R. Since Φ0(:= Φ ∩ R0) is a
simple root system of R0, the black circles in the Satake diagram associated
with G/H with respect to a determines the Dynkin diagram of (zsg)
C . In
particular, the rank of R0 is equal to the number of the black circles.
4.2. The structures of the semisimple part of zg and zh. In this sub-
section, we shall determine the structures zsg and zh. Suppose that the Sa-
take diagrams associated with G/H with respect to a, aq and ap are com-
patible with one another. Denote by pσ (resp. pθ) the Satake involution
of the Satake diagram associated with G/H with respect to aq (resp. ap).
Let R0 = R
1
0 ∪ R20 · · · ∪ Rk0 be the irreducible decomposition of R0. De-
note by z(Γ) (Γ is a closed subsystem of R0) the subalgebra of (z
s
g)
C gen-
erated by {gCα | α ∈ Γ}. Set, for each i ∈ {1, . . . , k}, Φi0 := Φ0 ∩ Ri0,
Φi0,q := {α ∈ Φi0 | α|aq = 0} and Φi0,p := {α ∈ Φi0 | α|ap = 0}. Then, for each
i ∈ {1, . . . , k}, Φi0 satisfies one of the following.
Case 1: Φi0 = Φ
i
0,q = Φ
i
0,p.
Case 2: Φi0 \ Φi0,p( 6= ∅) is pθ-invariant and Φi0 = Φi0,q.
Case 3: Φi0 = Φ
i
0,p and Φ
i
0 \ Φi0,q( 6= ∅) is pσ-invariant.
Case 4: Φi0 \ Φi0,p( 6= ∅) is pθ-invariant and Φi0 \ Φi0,q( 6= ∅) is pσ-invariant.
Case 5: Φi0 \ Φi0,p( 6= ∅) is not pθ-invariant.
Case 6: Φi0 \ Φi0,p( 6= ∅) is not pσ-invariant.
Set gd := k∩h+√−1p∩h+√−1k∩ q+ p∩ q(⊂ gC). Denote by τ (resp. τd)
the conjugation of gC with respect to g (resp. gd). For each α ∈ R, the linear
functions τ · α, τd · α, θ · α and σ · α defined by, for all A ∈ a˜C ,
(τ · α)(A) = α(τA), (τd · α)(A) = α(τdA),
(θ · α)(A) = α(θA), (σ · α)(A) = α(σA),
are again elements of R.
Lemma 4.1. If Φi0 \ Φi0,p( 6= ∅) is pθ-invariant, then Ri0 is θ-invariant.
Proof. Since θ · α = α ∈ Φi0,p for all α ∈ Φi0,p, Φi0,p is θ-invariant. Let α be a
root in Φi0 such that α|ap 6= 0. It follows from Lemma 1.2 that if α ∈ Φi0\Φi0,p
is disconnected with all roots of Φi0,p, then we have θ ·α = −pθα ∈ Ri0. In the
case where α ∈ Φi0 \ Φi0,p is connected with a root of Φ0,p, θ · α has the form
−pθα+
∑
β∈〈α〉Zβ, and 〈α〉 is contained in Φi0, where 〈α〉 is the union of the
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connected components of Φ0,p connected with α. Hence we have θ · α ∈ Ri0.
Since Φi0 is a simple root system of R
i
0, R
i
0 is θ-invariant. 
By a similar argument as Lemma 4.1 we have the following result.
Lemma 4.2. If Φi0 \ Φi0,q( 6= ∅) is pσ-invariant, then Ri0 is σ-invariant.
Lemma 4.3. For any α ∈ R0 with α|ap = 0, gCα ⊂ kC holds.
Proof. For any α ∈ R0 with α|ap = 0 , we have θ · α = α, so that gCα is θ-
invariant. Then, for any X ∈ gCα , we have [A,X−θX ] = 0 for all A ∈ ap. By
the maximality of ap in p,X−θX ∈ aCp holds. SinceX−θX ∈ aCp ∩gCα = {0},
we have θX = X . Hence gCα ⊂ kC holds. 
By a similar argument as Lemma 4.3 we have the following fact.
Lemma 4.4. For any α ∈ R0 with α|aq = 0, gCα ⊂ hC holds.
Note that, for each α ∈ R, τ ·α = −θ ·α and τd ·α = −σ ·α hold. Hence it is
shown that, for any closed subsystem Γ, Γ is τ -invariant (resp. τd-invariant)
if and only if Γ is θ-invariant (resp.σ-invariant). We also have the following
fact.
Lemma 4.5. Let α be a root in R0. If α satisfies α|ap = 0 (resp.α|aq = 0 ),
then gCα + g
C
−α is τ -invariant (resp. τ
d-invariant).
In the sequel, we shall determine the structures of the irreducible factors of
zsg and associated with Φ
i
0 and these h-parts.
Case 1. It is clear that Ri0 is invariant under σ and θ. It follows from Lemma
4.3 and Lemma 4.4 that z(Ri0) is a subalgebra of k
C∩hC . Set zig := z(Ri0)∩g,
which is a real form of z(Ri0) by using Lemma 4.5. Moreover, we have
zig = z
i
g ∩ h ⊂ k ∩ h. In particular, zig is a compact real form of z(Ri0), which
is uniquely determined (up to isomorphism) by the Dynkin diagram of Φi0.
Case 2. It follows from Lemma 4.1 that Ri0 is θ-invariant. This implies that
z(Ri0) is τ -invariant. By using Lemma 4.4, we have z
i
g := z(R
i
0) ∩ g ⊂ h.
Moreover, θ|zig is a Cartan involution of zig. Then (zig, zig ∩ k) is an irreducible
Riemannian symmetric pair (of noncompact-type). Moreover, its Satake
diagram is given by the Dynkin diagram of Φi0 and pθ|Φi0\Φi0,p.
Case 3. By using Lemma 4.3, we have z(Ri0) ⊂ kC . Then zig := z(Ri0)∩ g ⊂ k
and zig ∩ h ⊂ k ∩ h hold. Note that σ|zig is not trivial. Then (zig, zig ∩ h) is
an irreducible Riemannian symmetric pair (of compact-type). Moreover, its
Satake diagram is given by the Dynkin diagram of Φi0 and pσ|Φi0\Φi0,q .
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Case 4. In this case, zig := z(R
i
0) ∩ g is a noncompact subalgebra of g, and
(zig, z
i
g ∩ h) is an irreducible semisimple symmetric pair. Since zg ∩ (p ∩ q) =
a ⊂ zcg holds, we have zig ∩ (p ∩ q) ⊂ zsg ∩ (p ∩ q) = {0}. This contradicts
the fact that any noncompact irreducible semisimple symmetric pair has the
split rank greater than or equal to one. Hence Case 4 cannot occur.
Case 5. Denote by R˜i0 is the smallest θ-invariant closed subsystem of R0
containing Ri0. Then R˜
i
0 is not connected, and z(R˜
i
0) is τ -invariant. Set
z˜ig := z(R˜0)∩g. Since θ|˜zig is not trivial, (z˜ig, z˜ig∩k) is an irreducible Riemannian
symmetric pair. By the classification of irreducible Riemannian symmetric
pairs, (z˜ig, z˜
i
g ∩ k) is isomorphic to a Riemannian symmetric pair (lC , l) (of
compact real form type), where l is a simple compact Lie algebra. Therefore
we have Φi0,p = ∅. Moreover, the Dynkin diagram of l is equal to Φi0. It
follows from Lemma 2.8 in [14] that Φi0 = Φ
i
0,q holds. Hence z˜
i
g is contained
in h.
Case 6. Denote by Rˆi0 the smallest σ-invariant closed subsystem of R0 con-
taining Ri0, which is not connected. Then z(Rˆ
i
0) is τ
d-invariant. Set zˆi
gd
:=
z(Rˆi0) ∩ gd. Since σ|ˆzi
gd
is not trivial, (zˆi
gd
, zˆi
gd
∩ kd) is isomorphic to a Rie-
mannian symmetric pair (mC ,m) (of compact real form type), where m is a
simple compact Lie algebra. Note that the Dynkin diagram of m is equal to
Φi0. Then we have Φ
i
0,q = ∅. It follows from Lemma 2.8 in [14] that Φi0 = Φi0,p
holds. Hence z(Rˆi0) is τ -invariant, and zˆ
i
g := z(Rˆ
i
0) ∩ g is subalgebra of k.
Then (zˆig, zˆ
i
g ∩ h) is isomorphic to (m+m,m).
Here, we give a recipe to determine the hyperbolic principal isotropy subal-
gebra as follows.
Recipe 4.6 (hyperbolic principal isotropy subalgebras). Let (g, h) be an
irreducible semisimple symmetric pair.
Step 1. We calculate all the irreducible components Φi0 of Φ0 by using the
Satake diagram S(g, h, a).
Step 2. For each i, we investigate whether Φi0 corresponds to either Case
1–3, 5 or 6 by using the Satake diagrams S(g, h, aq) and S(g, k, ap).
Step 3. For each i, we determine the following subalgebra of zsg associated
with Φi0.
Case 1: We determine zig(⊂ h) by investigating the Dynkin diagram
of Φi0.
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Case 2: We determine (zig, z
i
g∩k) by investigating the Satake diagram
obtained from the Dynkin diagram of Φi0 and pθ|Φi0\Φi0,p . Note
that zig is contained in h.
Case 3: We determine (zig, z
i
g∩h) by investigating the Satake diagram
obtained from the Dynkin diagram of Φi0 and pσ|Φi0\Φi0,q .
Case 5: We calculate Φi0 ∪ pθΦi0(=: Φ˜i0) by using the Satake dia-
grams S(g, h, a) and S(g, k, ap). We determine (z˜
i
g, z˜
i
g ∩ k) by
investigating the Satake diagram obtained from the Dynkin
diagram of Φ˜i0 and pθ|Φ˜i0. Note that z˜ig is contained in h.
Case 6: We calculate Φi0 ∪ pσΦi0(=: Φˆi0) by using the Satake dia-
grams S(g, h, a) and S(g, h, aq). We determine (zˆ
i
g, zˆg∩h) by
investigating the Satake diagram obtained from the Dynkin
diagram of Φˆi0 and pσ|Φˆi0.
Step 4. We calculate the following dimensions.
dim a˜ ∩ (k ∩ h) = rank gC − rank(g, h)− rank(g, k) + s-rank(g, h),
dim a˜c ∩ (k ∩ h) = dim a˜ ∩ (k ∩ h)− dim a˜s ∩ (k ∩ h),
dim a˜c ∩ (p ∩ h) = dim a˜ ∩ (p ∩ h)− dim a˜s ∩ (p ∩ h).
Step 5. From the data in Steps 1–4, we determine zh.
Example 4.7 ((g, h) = (su(2p, 2(n− p)), sp(p, n− p))). First, we calculate
zh in the case of n > 2p. We give the Satake diagrams associated with (g, h)
with respect to a, ap and aq, respectively (see Table 3).
Table 3: (g, h) = (su(2p, 2(n− p)), sp(p, n− p))(n > 2p)
the Satake diagram S(g, h, a) the Satake diagram S(g, h, ap)
α1
•
α2
◦
α3
•
α2p
◦ α2p+1•
α2n−1
•
α2n−2
◦
α2n−3
•
α2n−2p
◦ α2n−2p−1•
α2p+2•
CC

CC

α1
◦
α2
◦
α3
◦
α2p
◦ α2p+1•
α2n−1
◦
α2n−2
◦
α2n−3
◦
α2n−2p
◦ α2n−2p−1•
α2p+2•
CC

CC

CC

CC

the Satake diagram S(g, h, aq)
α1
•
α2
◦
α3
•
α2p
◦ α2p+1•
α2n−1
•
α2n−2
◦
α2n−3
•
α2n−2p
◦ α2n−2p−1•
α2p+2◦
LOCAL ORBIT TYPE 23
Step 1. Set Φi0 := {α2i−1}, Φp+i0 := {α2n−(2i−1)} for 1 ≤ i ≤ p, and Φ2p+10 :=
{α2p+1, . . . , α2n−(2p+1)}. From S(g, h, a), Φj0 is an irreducible compo-
nent of Φ0 for 1 ≤ j ≤ 2p+ 1.
Step 2. It follows from S(g, h, ap) and S(g, h, aq) that Φ
i
0 and Φ
p+i
0 correspond
to Case 5, and Φ2p+10 corresponds to Case 3. We obtain Φ˜
i
0 = Φ
i
0 ∪
pθΦ
i
0 = Φ
i
0 ∪ Φp+i0 for 1 ≤ i ≤ p.
Step 3. For 1 ≤ i ≤ p, (z˜ig, z˜ig ∩ k) is isomorphic to (sl(2,C), su(2)) because
their Satake diagram are “◦ ↔ ◦”. We also have (z˜2p+1g , z˜2p+1g ∩ h) ∼=
(su(2(n− 2p)), sp(n− 2p)).
Step 4. We obtain dim a˜ ∩ (k ∩ h) = 0, dim a˜ ∩ (p ∩ h) = 0. Here, we have
rank gC = 2n− 1, s-rank(g, h) = p, rank(g, h) = n− 1, rank(g, k) =
2p, dim a˜s ∩ (k ∩ h) = n− p, and dim a˜s ∩ (p ∩ h) = p.
Step 5. It follows from Step 1–4 that zh is isomorphic to sl(2,C)
p + sp(n−
2p)(n > 2p). In the case of n = 2p, we have zh ∼= sl(2,C)p, by the
similar calculation. Hence we have zh ∼= sl(2,C)p + sp(n− 2p)(n ≥
2p). Note that we have sl(2,C) ∼= so(3, 1) ⊂ so(4, 1) ∼= sp(1, 1) by
using the list of special isomorphisms (see, Section 4 of Chapter X
in [6]).
Example 4.8 ((g, h) = (sl(n,C), sl(n,R))). First, we determine zh in the
case of n = 2m. We give the Satake diagrams associated with (g, h) with
respect to a, ap and aq, respectively (see Table 4).
Table 4: (g, h) = (sl(2m,C), sl(2m,R))
the Satake diagram S(g, h, a)
the Satake diagrams S(g, h, ap)
the Satake diagram S(g, h, aq)
α1
◦
α2
◦
αm−1
◦
αm◦
❈❈
◦ ◦ ◦④
④
◦ ◦ ◦
◦④④
◦ ◦ ◦❈❈
??

??

??


??

??

??
??

??

??

XX

α1
◦
α2
◦
αm−1
◦
αm◦
❈❈
◦ ◦ ◦④
④
◦ ◦ ◦
◦④④
◦ ◦ ◦❈❈
FF

FF

FF


FF

FF

FF
XX

Step 1. From S(g, h, a) we have Φ0 = ∅.
Step 2. It is clear that Φ0 corresponds to Case 1.
Step 3. It is clear that zsg ∩ h = {0}.
Step 4. We have dim a˜c ∩ (k∩ h) = m and dim a˜c ∩ (p∩ h) = m− 1 by using
rank gC = 2(2m − 1), s-rank(g, h) = m, rank(g, h) = 2m − 1, and
rank(g, k) = 2m− 1.
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Step 5. It follows from Step 1–4 that zh is isomorphic to R
m−1+so(2)m (n =
2m). In the case of n = 2m + 1, we have zh ∼= Rm + so(2)m, by
a similar calculation as above. Hence we have zh ∼= R[(n−1)/2] +
so(2)[n/2], where [(n− 1)/2] (resp. [n/2]) is the greatest integer less
than or equal to (n− 1)/2 (resp.n/2).
5. Determination of local orbit types
Let (g, h) be a semisimple symmetric pair and σ be an involution of g with
h = Ker(σ− id). Suppose that θ is a Cartan involution of g commuting with
σ, and a is maximal abelian subspace of p ∩ q. Denote by ∆ the restricted
root system of (g, h) with respect to a. Set ∆a := {λ ∈ ∆ | gλ ∩ ha 6= {0}}.
Denote by W(∆) (resp. W(∆a)) the Weyl group of ∆ (resp. ∆a := {λ ∈ ∆ |
m+(λ) > 0}). Let w1, . . . , wl be a complete system of representatives for
W(∆)/W(∆a). From Theorem A, we can determine the set of all local orbit
types of the hyperbolic orbits by investigating
{
[hΘ] | Θ ⊂ wi · Ψ
}
for all
i ∈ {1, . . . , l}. By using the recipe in [1], we can determine {[hΘ] | Θ ⊂ wi·Ψ}
for each i ∈ {1, . . . , l}. In fact, we can determine hΘ for each Θ ⊂ wi · Ψ ,
by using the hyperbolic principal isotropy subalgebra and a subsymmetric
pair of (g, h) associated with ∆Θ(:= ∆∩
∑
λ∈ΘRλ) (see, page 315 in [1] for
more detail).
Example 5.1 ((g, h) = (sl(4,R), so(2, 2))). The Dynkin diagram of the
restricted root system of (g, h) is the following.
λ1◦ λ2◦ λ3◦
(
m+(λi) m
+(2λi)
m−(λi) m
−(2λi)
)
=



1 0
0 0

 (i = 1, 3)

0 0
1 0

 (i = 2)
Set Ψ := {λ1, λ2, λ3} = {e1 − e2, e2 − e3, e3 − e4}. It follows from Table 1
that the HPIS is equal to {0}. Moreover, from Example 3.2 we have
W(∆)/W(∆a) = {id, s2, s1s2, s3s2, s1s3s2, s2s1s3s2}.
By using Theorem A all the possible isotropy subalgebras of the hyperbolic
orbits for the s-representation associated with (g, h) are equal to hΘ’s for
all Θ ⊂ w · Ψ, w ∈ W(∆)/W(∆a). For each w ∈ W(∆)/W(∆a), we can
determine {[hΘ] | Θ ⊂ w · Ψ} by using the recipe in [1]. In Table 5, we shall
give the lists of all the possible isotropy subalgebras of the hyperbolic orbits
for the s-representation associated with (g, h).
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Table 5: All the possible isotropy subalgebras for (sl(4,R), so(2, 2))
Θ(⊂ Ψ) hΘ
Ψ so(2, 2)
{e2 − e3, e3 − e4} so(1, 2)
{e1 − e2, e3 − e4} so(2, 0) + so(0, 2)
{e1 − e2, e2 − e3} so(2, 1)
{e3 − e4} so(0, 2)
{e2 − e3} so(1, 1)
{e1 − e2} so(2, 0)
∅ {0}
Θ(⊂ s2Ψ) hΘ
s2Ψ so(2, 2)
{e3 − e2, e2 − e4} so(1, 2)
{e1 − e3, e2 − e4} so(1, 1) + so(1, 1)
{e1 − e3, e3 − e2} so(2, 1)
{e2 − e4} so(1, 1)
{e3 − e2} so(1, 1)
{e1 − e3} so(1, 1)
∅ {0}
Θ(⊂ s1s2Ψ) hΘ
s1s2Ψ so(2, 2)
{e3 − e1, e1 − e4} so(1, 2)
{e2 − e3, e1 − e4} so(1, 1) + so(1, 1)
{e2 − e3, e3 − e1} so(2, 1)
{e1 − e4} so(1, 1)
{e3 − e1} so(1, 1)
{e2 − e3} so(1, 1)
∅ {0}
Θ(⊂ s3s2Ψ) hΘ
s3s2Ψ so(2, 2)
{e4 − e2, e2 − e3} so(1, 2)
{e1 − e4, e2 − e3} so(1, 1) + so(1, 1)
{e1 − e4, e4 − e2} so(2, 1)
{e2 − e3} so(1, 1)
{e4 − e2} so(1, 1)
{e1 − e4} so(1, 1)
∅ {0}
Θ(⊂ s1s3s2Ψ) hΘ
s1s3s2Ψ so(2, 2)
{e4 − e1, e1 − e3} so(1, 2)
{e2 − e4, e1 − e3} so(1, 1) + so(1, 1)
{e2 − e4, e4 − e1} so(2, 1)
{e1 − e3} so(1, 1)
{e4 − e1} so(1, 1)
{e2 − e4} so(1, 1)
∅ {0}
Θ(⊂ s2s1s3s2Ψ) hΘ
s2s1s3s2Ψ so(2, 2)
{e4 − e1, e1 − e2} so(2, 1)
{e3 − e4, e1 − e2} so(2, 0) + so(0, 2)
{e3 − e4, e4 − e1} so(1, 2)
{e1 − e2} so(2, 0)
{e4 − e1} so(1, 1)
{e3 − e4} so(0, 2)
∅ {0}
Example 5.2. Let G/H be a semisimple pseudo-Riemannian symmetric
space. Suppose that the restricted root system ∆ with respect to a vector-
type maximal split abelian subspace satisfies ∆ = ∆a or (∆,∆a) = ((BC)r,
Br). Then we have W(∆)/W(∆a) = {id}. It follows from Theorem A that
Lh(G/H) = {[hΘ] | Θ ⊂ Ψ} holds, where Ψ is a standard simple root system
of ∆. In Table 6, we list up the set of all the possible local orbit types of
the hyperbolic orbits for the s-representations associated with all classical-
type semisimple pseudo-Riemannian symmetric spaces satisfying ∆ = ∆a or
(∆,∆a) = ((BC)r, Br).
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Table 6: Local orbit types
(I) ∆ = ∆a = Ar, Ψ = {ei − ei+1 | 1 ≤ i ≤ r}
(g, h) = (sl(n,R) + sl(n,R), sl(n,R))
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ R
k +
k+1∑
l=1
sl(il − il−1,R)
Remarks 0 = i0 < i1 < · · · < ik < ik+1 = n
(g, h) = (sl(n,C), so(n,C))
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ
k+1∑
l=1
so(il − il−1,C)
Remarks 0 = i0 < i1 < · · · < ik < ik+1 = n
(g, h) = (su∗(2n) + su∗(2n), su∗(2n))
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ R
k +
k+1∑
l=1
su∗(2(il − il−1))
Remarks 0 = i0 < i1 < · · · < ik < ik+1 = n
(g, h) = (sl(2n,C), sp(n,C))
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ
k+1∑
l=1
sp(il − il−1,C)
Remarks 0 = i0 < i1 < · · · < ik < ik+1 = n
(g, h) = (sl(2n,R), sp(n,R))
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ
k+1∑
l=1
sp(il − il−1,R)
Remarks 0 = i0 < i1 < · · · < ik < ik+1 = n
(g, h) = (su∗(2n), so∗(2n))
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ
k+1∑
l=1
so∗(2(il − il−1))
Remarks 0 = i0 < i1 < · · · < ik < ik+1 = n
(II) ∆ = ∆a = Br, Ψ = {ei − ei+1 | 1 ≤ i ≤ r − 1} ∪ {er}
(g, h) = (so(p, n− p) + so(p, n− p), so(p, n− p)) (n > 2p)
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, ep}
hΘ R
k +
k∑
l=1
sl(il − il−1,R) + so(n− 2p)
Remarks 0 = i0 < i1 < · · · < ik = p
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ R
k +
k∑
l=1
sl(il − il−1,R) + so(p− ik, n− p− ik)
Remarks 0 = i0 < i1 < · · · < ik < p
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Table 6: (continued)
(g, h) = (so(n,C), so(p,C) + so(n− p,C)) (n > 2p)
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, ep}
hΘ
k∑
l=1
so(il − il−1,C) + so(n− 2p)
Remarks 0 = i0 < i1 < · · · < ik = p
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, ep}
hΘ
k∑
l=1
so(il − il−1,C) + so(p− ik,C) + so(n− p− ik,C)
Remarks 0 = i0 < i1 < · · · < ik < p
(III) ∆ = ∆a = Cr, Ψ = {ei − ei+1 | 1 ≤ i ≤ r − 1} ∪ {2er}
(g, h) = (sl(2n,C), su∗(2n))
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, 2en}
hΘ R
k−1 + so(2)k +
k∑
l=1
sl(il − il−1,C)
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ R
k + so(2)k +
k∑
l=1
sl(il − il−1,C) + su∗(2(n− ik))
Remarks 0 = i0 < i1 < · · · < ik < n
(g, h) = (su(n, n) + su(n, n), su(n, n))
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, 2en}
hΘ R
k + so(2)k−1 +
k∑
l=1
sl(il − il−1,C)
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ R
k + so(2)k +
k∑
l=1
sl(il − il−1,C) + su(n− ik, n− ik)
Remarks 0 = i0 < i1 < · · · < ik < n
(g, h) = (sl(2n,C), sl(n,C) + sl(n,C) +C)
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, 2en}
hΘ C
k−1 +
k∑
l=1
sl(il − il−1,C)
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ C
k +
k∑
l=1
sl(il − il−1,C) + sl(n− ik,C)2 +C
Remarks 0 = i0 < i1 < · · · < ik < n
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Table 6: (continued)
(g, h) = (so∗(4n) + so∗(4n), so∗(4n))
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, 2en}
hΘ R
k +
k∑
l=1
su∗(2(il − il−1))
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ R
k +
k∑
l=1
su∗(2(il − il−1)) + so∗(4(n− ik))
Remarks 0 = i0 < i1 < · · · < ik < n
(g, h) = (so(4n,C), sl(2n,C) +C)
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, 2en}
hΘ
k∑
l=1
sp(il − il−1,C)
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ
k∑
l=1
sp(il − il−1,C) + sl(2(n− ik),C) +C
Remarks 0 = i0 < i1 < · · · < ik < n
(g, h) = (sp(n,R) + sp(n,R), sp(n,R))
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, 2en}
hΘ R
k +
k∑
l=1
sl(il − il−1,R)
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ R
k +
k∑
l=1
sl(il − il−1,R) + sp(n− ik,R)
Remarks 0 = i0 < i1 < · · · < ik < n
(g, h) = (sp(n,C), sl(n,C) +C)
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, 2en}
hΘ
k∑
l=1
so(il − il−1,C)
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ
k∑
l=1
so(il − il−1,C) + sl(n− ik,C) +C
Remarks 0 = i0 < i1 < · · · < ik < n
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Table 6: (continued)
(g, h) = (sp(n, n) + sp(n, n), sp(n, n))
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, 2en}
hΘ R
k +
k∑
l=1
su∗(2(il − il−1))
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ R
k +
k∑
l=1
su∗(2(il − il−1)) + sp(n− ik, n− ik)
Remarks 0 = i0 < i1 < · · · < ik < n
(g, h) = (sp(2n,C), sp(n,C) + sp(n,C))
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, 2en}
hΘ
k∑
l=1
sp(il − il−1,C)
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ
k∑
l=1
sp(il − il−1,C) + sp(n− ik,C)2
Remarks 0 = i0 < i1 < · · · < ik < n
(g, h) = (su(2n, 2n), sp(n, n))
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, 2en}
hΘ
k∑
l=1
sp(il − il−1,C)
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ
k∑
l=1
sp(il − il−1,C) + sp(n− ik, n− ik)
Remarks 0 = i0 < i1 < · · · < ik < n
(g, h) = (su∗(4n), su∗(2n) + su∗(2n) +R)
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, 2en}
hΘ R
k−1 +
k∑
l=1
su∗(2(il − il−1))
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ R
k +
k∑
l=1
su∗(2(il − il−1)) + su∗(2(n− ik))2 +R
Remarks 0 = i0 < i1 < · · · < ik < n
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Table 6: (continued)
(g, h) = (su(n, n), so∗(2n))
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, 2en}
hΘ
k∑
l=1
so(il − il−1,C)
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ(⊂ Ψ)
k∑
l=1
so(il − il−1,C) + so∗(2(n− ik))
Remarks 0 = i0 < i1 < · · · < ik < n
(g, h) = (sl(2n,R), sl(n,C) + so(2))
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, 2en}
hΘ R
k−1 +
k∑
l=1
sl(il − il−1,R)
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ R
k +
k∑
l=1
sl(il − il−1,R) + sl(n− ik,C) + so(2)
Remarks 0 = i0 < i1 < · · · < ik < n
(g, h) = (su∗(4n), sl(2n,C) + so(2))
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, 2en}
hΘ R
k−1 +
k∑
l=1
su∗(2(il − il−1))
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ R
k +
k∑
l=1
su∗(2(il − il−1)) + sl(2(n− ik),C) + so(2)
Remarks 0 = i0 < i1 < · · · < ik < n
(g, h) = (su(2n, 2n), sp(2n,R))
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, 2en}
hΘ
k∑
l=1
sp(il − il−1,C)
hΘ 0 = i0 < i1 < · · · < ik = n
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ
k∑
l=1
sp(il − il−1,C) + sp(2(n− ik),R)
Remarks 0 = i0 < i1 < · · · < ik < n
LOCAL ORBIT TYPE 31
Table 6: (continued)
(g, h) = (so(2n, 2n), su(n, n) + so(2))
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, 2en}
hΘ
k∑
l=1
sp(il − il−1,R)
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ
k∑
l=1
sp(il − il−1,R) + su(n− ik, n− ik) + so(2)
Remarks 0 = i0 < i1 < · · · < ik < n
(g, h) = (so∗(4n), so∗(2n) + so∗(2n))
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, 2en}
hΘ
k∑
l=1
so∗(2(il − il−1))
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ
k∑
l=1
so∗(2(il − il−1)) + so∗(2(n− ik))2
Remarks 0 = i0 < i1 < · · · < ik < n
(g, h) = (sp(n, n), su(n, n) + so(2))
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, 2en}
hΘ
k∑
l=1
so∗(2(il − il−1))
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ
k∑
l=1
so∗(2(il − il−1)) + su(n− ik, n− ik) + so(2)
Remarks 0 = i0 < i1 < · · · < ik < n
(g, h) = (sp(2n,R), sp(n,R) + sp(n,R))
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, 2en}
hΘ
k∑
l=1
sp(il − il−1,R)
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ
k∑
l=1
sp(il − il−1,R) + sp(n− ik,R)2
Remarks 0 = i0 < i1 < · · · < ik < n
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Table 6: (continued)
(g, h) = (sp(2n,R), sp(n,C)
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, 2en}
hΘ
k∑
l=1
sp(il − il−1,R)
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ
k∑
l=1
sp(il − il−1,R) + sp(n− ik,C)
Remarks 0 = i0 < i1 < · · · < ik < n
(g, h) = (sp(n, n), su∗(2n) +R)
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, 2en}
hΘ
k∑
l=1
so∗(2(il − il−1))
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ
k∑
l=1
so∗(2(il − il−1)) + su∗(2(n− ik)) +R
Remarks 0 = i0 < i1 < · · · < ik < n
(IV) ∆ = Dr, ∆
a = ∆, Ψ = {ei − ei+1 | 1 ≤ i ≤ r − 1} ∪ {er−1 + er}
(g, h) = (so(n, n) + so(n, n), so(n, n))
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1 , en−1 + en}
hΘ R
k +
k∑
l=1
sl(il − il−1,R)
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1 , eik − eik+1}
hΘ R
k +
k∑
l=1
sl(il − il−1,R) + so(n− ik, n− ik)
Remarks 0 = i0 < i1 < · · · < ik < n
(g, h) = (so(2n,C), so(n,C) + so(n,C))
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, en−1 + en}
hΘ
k∑
l=1
so(il − il−1,C)
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ
k∑
l=1
so(il − il−1,C) + so(n− ik,C)2
Remarks 0 = i0 < i1 < · · · < ik < n
LOCAL ORBIT TYPE 33
(V) ∆ = ∆a = (BC)r , Ψ = {ei − ei+1 | 1 ≤ i ≤ r − 1} ∪ {er}
(g, h) = (su(p, n− p) + su(p, n− p), su(p, n− p)) (n > 2p)
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, ep}
hΘ R
k + so(2)k +
k∑
l=1
sl(il − il−1,C)
Remarks 0 = i0 < i1 < · · · < ik = p
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ R
k + so(2)k +
k∑
l=1
sl(il − il−1,C) + su(n− 2p)
Remarks 0 = i0 < i1 < · · · < ik < p
(g, h) = (sl(n,C), sl(p,C) + sl(n− p,C) +C) (n > 2p)
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, ep}
hΘ C
k +
k∑
l=1
sl(il − il−1,C) + sl(n− 2p,C)
Remarks 0 = i0 < i1 < · · · < ik = p
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ C
k+
k∑
l=1
sl(il−il−1,C)+sl(p−ik,C)+sl(n−p−ik,C)+C
Remarks 0 = i0 < i1 < · · · < ik < p
(g, h) = (so∗(2(2n+ 1)) + so∗(2(2n+ 1)), so∗(2(2n+ 1)))
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, en}
hΘ R
k + so(2) +
k∑
l=1
su∗(2(il − il−1))
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ R
k +
k∑
l=1
su∗(2(il − il−1)) + so∗(2(2(n− ik) + 1))
Remarks 0 = i0 < i1 < · · · < ik < n
(g, h) = (so(2(2n+ 1),C), sl(2n+ 1,C) +C)
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, en}
hΘ C +
k∑
l=1
sp(il − il−1,C)
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ
k∑
l=1
sp(il − il−1,C) + sl(2(n− ik) + 1,C) +C
Remarks 0 = i0 < i1 < · · · < ik < n
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Table 6: (continued)
(g, h) = (sp(p, n− p) + sp(p, n− p), sp(p, n− p)) (n > 2p)
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, ep}
hΘ R
k +
k∑
l=1
su∗(2(il − il−1)) + sp(n− 2p)
Remarks 0 = i0 < i1 < · · · < ik = p
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, ep}
hΘ R
k +
k∑
l=1
su∗(2(il − il−1)) + sp(p− ik, n− p− ik)
Remarks 0 = i0 < i1 < · · · < ik < p
(g, h) = (sp(n,C), sp(p,C) + sp(n− p,C)) (n > 2p)
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, 2en}
hΘ
k∑
l=1
sp(il − il−1,C) + sp(p− ik,C) + sp(n− 2p,C)
Remarks 0 = i0 < i1 < · · · < ik = p
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ
k∑
l=1
sp(il − il−1,C) + sp(p− ik,C) + sp(n− p− ik,C)
Remarks 0 = i0 < i1 < · · · < ik < p
(g, h) = (su(2p, 2(n− p)), sp(p, n− p)) (n > 2p)
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, ep}
hΘ
k∑
l=1
sp(il − il−1,C) + sp(n− 2p)
Remarks 0 = i0 < i1 < · · · < ik = p
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ
k∑
l=1
sp(il − il−1,C) + sp(p− ik, n− p− ik)
Remarks 0 = i0 < i1 < · · · < ik < p
(g, h) = (su∗(2n), su∗(2p) + su∗(2(n− p)) +R) (n > 2p)
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, ep}
hΘ R
k +
k∑
l=1
su∗(2(il − il−1)) + su∗(2(n− 2p))
Remarks 0 = i0 < i1 < · · · < ik = p
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ R
k +
k∑
l=1
su∗(2(il − il−1)) + su∗(2(p− ik)) + su∗(2(n− p−
ik)) +R
Remarks 0 = i0 < i1 < · · · < ik < p
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Table 6: (continued)
(g, h) = (su∗(2(2n+ 1)), sl(2n+ 1,C) + so(2))
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, en}
hΘ R
k + so(2) +
k∑
l=1
su∗(2(il − il−1))
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ R
k+so(2)+
k∑
l=1
su∗(2(il−il−1))+sl(2(n−ik)+1,C)+so(2)
Remarks 0 = i0 < i1 < · · · < ik < n
(g, h) = (su(2n+ 1, 2n+ 1), sp(2n+ 1,R))
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, en}
hΘ
k∑
l=1
sp(il − il−1,C)
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ
k∑
l=1
sp(il − il−1,C) + sp(2(n− ik) + 1,R)
Remarks 0 = i0 < i1 < · · · < ik < n
(g, h) = (so(2p, 2(n− p)), su(p, n− p) + so(2)) (n > 2p)
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, ep}
hΘ
k∑
l=1
sp(il − il−1,R)
Remarks 0 = i0 < i1 < · · · < ik = p
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ
k∑
l=1
sp(il − il−1,R) + su(p− ik, n− p− ik) + so(2)
Remarks 0 = i0 < i1 < · · · < ik < p
(g, h) = (so∗(2n), so∗(2p) + so∗(2(n− p))) (n > 2p)
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, ep}
hΘ
k∑
l=1
so∗(2(il − il−1))
Remarks 0 = i0 < i1 < · · · < ik = p
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ
k∑
l=1
so∗(2(il − il−1)) + so∗(2(p− ik)) + so∗(2(n− p− ik))
Remarks 0 = i0 < i1 < · · · < ik < p
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Table 6: (continued)
(g, h) = (sp(p, n− p), su(p, n− p) + so(2)) (n > 2p)
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, ep}
hΘ u(n− 2p) +
k∑
l=1
so∗(2(il − il−1))
Remarks 0 = i0 < i1 < · · · < ik = p
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ
k∑
l=1
so(2(il − il−1)) + su(p− ik, n− p− ik) + so(2)
Remarks 0 = i0 < i1 < · · · < ik < p
(g, h) = (sp(n,R), sp(p,R) + sp(n− p,R)) (n > 2p)
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, ep}
hΘ
k∑
l=1
sp(il − il−1,R) + sp(n− 2p,R)
Remarks 0 = i0 < i1 < · · · < ik = p
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ
k∑
l=1
sp(il − il−1,R) + sp(p− ik,R) + sp(n− p− ik,R)
Remarks 0 = i0 < i1 < · · · < ik < p
(VI) ∆ = (BC)r , ∆
a = Br, Ψ = {ei − ei+1 | 1 ≤ i ≤ r − 1} ∪ {er}
(g, h) = (sl(2n+ 1,C), sl(2n+ 1,R))
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, en}
hΘ R
k + so(2)k +
k∑
l=1
sl(il − il−1,C)
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ R
k + so(2)k +
k∑
l=1
sl(il − il−1,C) + sl(2(n− ik) + 1,R)
Remarks 0 = i0 < i1 < · · · < ik < n
(g, h) = (su(p, n− p), so(p, n− p))
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, ep}
hΘ
k∑
l=1
so(il − il−1,C) + so(n− 2p)
Remarks 0 = i0 < i1 < · · · < ik = p
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ
k∑
l=1
so(il − il−1,C) + so(p− ik, n− p− ik)
Remarks 0 = i0 < i1 < · · · < ik < p
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Table 6: (continued)
(g, h) = (sl(n,R), sl(p,R) + sl(n− p,R) +R) (n > 2p)
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, ep}
hΘ R
k +
k∑
l=1
sl(il − il−1,R) + sl(n− 2p,R)
Remarks 0 = i0 < i1 < · · · < ik = p
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ R
k+
k∑
l=1
sl(il−il−1,R)+sl(p−ik,R)+sl(n−p−ik,R)+R
Remarks 0 = i0 < i1 < · · · < ik < p
(g, h) = (so∗(2(2n+ 1)), so(2n+ 1,C))
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, en}
hΘ
k∑
l=1
so∗(2(il − il−1))
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ
k∑
l=1
so∗(2(il − il−1)) + so(2(n− ik) + 1,C)
Remarks 0 = i0 < i1 < · · · < ik < n
(g, h) = (so(2n+ 1, 2n+ 1), sl(2n+ 1,R) +R)
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, en}
hΘ R+
k∑
l=1
sp(il − il−1,R)
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ
k∑
l=1
sp(il − il−1,R) + sl(2(n− ik) + 1,R) +R
Remarks 0 = i0 < i1 < · · · < ik < n
Example 5.3. Let G/H be a semisimple pseudo-Riemannian symmetric
space. Suppose that the restricted root system ∆ with respect to a vector-
type maximal split abelian subspace satisfies (∆,∆a) = (Cr, Dr). By using
the argument as in Subsection 3.2 and Theorem A, we have Lh(G/H) =
{[hΘ] | Θ ⊂ Ψ} ∪ {[hΘ] | Θ ⊂ s2er · Ψ}, where Ψ = {ei − ei+1 | 1 ≤ i ≤
r − 1} ∪ {2er}. In Table 7, we list up the set of all the possible local orbit
types of the hyperbolic orbits for the s-representations associated with all
classical-type semisimple pseudo-Riemannian symmetric spaces satisfying
(∆,∆a) = (Cr, Dr).
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Table 7: Local orbit types
∆ = Cr, ∆
a = Dr, Ψ = {ei − ei+1 | 1 ≤ i ≤ r − 1} ∪ {2er}
(g, h) = (sl(2n,C), sl(2n,R))
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, 2en}
hΘ R
k−1 + so(2)k +
k∑
l=1
sl(il − il−1,C)
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ R
k + so(2)k +
k∑
l=1
sl(il − il−1,C) + sl(2(n− ik),R)
Remarks 0 = i0 < i1 < · · · < ik < n
Θ(⊂ s2enΨ) s2en
(
Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, 2en}
)
hΘ R
k−1 + so(2)k +
k∑
l=1
sl(il − il−1,C)
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ s2enΨ) s2en (Ψ \ {ei1 − ei1+1, . . . , eik − eik+1})
hΘ R
k + so(2)k +
k∑
l=1
sl(il − il−1,C) + sl(2(n− ik),R)
Remarks 0 = i0 < i1 < · · · < ik < n
(g, h) = (su(n, n), so(n, n))
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, 2en}
hΘ
k∑
l=1
so(il − il−1,C)
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ
k∑
l=1
so(il − il−1,C) + so(n− ik, n− ik)
Remarks 0 = i0 < i1 < · · · < ik < n
Θ(⊂ s2enΨ) s2en
(
Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, 2en}
)
hΘ
k∑
l=1
so(il − il−1,C)
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ s2enΨ) s2en (Ψ \ {ei1 − ei1+1, . . . , eik − eik+1})
hΘ
k∑
l=1
so(il − il−1,C) + so(n− ik, n− ik)
Remarks 0 = i0 < i1 < · · · < ik < n
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Table 7: (continued)
(g, h) = (sl(2n,R), sl(n,R) + sl(n,R) +R)
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, 2en}
hΘ R
k−1 +
k∑
l=1
sl(il − il−1,R)
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ R
k +
k∑
l=1
sl(il − il−1,R) + sl(n− ik,R)2 +R
Remarks 0 = i0 < i1 < · · · < ik < n
Θ(⊂ s2enΨ) s2en
(
Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, 2en}
)
hΘ R
k−1 +
k∑
l=1
sl(il − il−1,R)
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ s2enΨ) s2en (Ψ \ {ei1 − ei1+1, . . . , eik − eik+1})
hΘ R
k +
k∑
l=1
sl(il − il−1,R) + sl(n− ik,R)2 +R
Remarks 0 = i0 < i1 < · · · < ik < n
(g, h) = (so∗(4n), so(2n,C))
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, 2en}
hΘ
k∑
l=1
so∗(2(il − il−1))
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ
k∑
l=1
so∗(2(il − il−1)) + so(2(n− ik),C)
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ s2enΨ) s2en
(
Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, 2en}
)
hΘ
k∑
l=1
so∗(2(il − il−1))
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ s2enΨ) s2en (Ψ \ {ei1 − ei1+1, . . . , eik − eik+1})
hΘ
k∑
l=1
so∗(2(il − il−1)) + so(2(n− ik),C)
Remarks 0 = i0 < i1 < · · · < ik = n
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Table 7: (continued)
(g, h) = (so(2n, 2n), sl(2n,R) +R)
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, 2en}
hΘ
k∑
l=1
sp(il − il−1,R)
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ Ψ) Ψ \ {ei1 − ei1+1, . . . , eik − eik+1}
hΘ
k∑
l=1
sp(il − il−1,R) + sl(2(n− ik),R) +R
Remarks 0 = i0 < i1 < · · · < ik < n
Θ(⊂ s2enΨ) s2en
(
Ψ \ {ei1 − ei1+1, . . . , eik−1 − eik−1+1, 2en}
)
hΘ
k∑
l=1
sp(il − il−1,R)
Remarks 0 = i0 < i1 < · · · < ik = n
Θ(⊂ s2enΨ) s2en (Ψ \ {ei1 − ei1+1, . . . , eik − eik+1})
hΘ
k∑
l=1
sp(il − il−1,R) + sl(2(n− ik),R) +R
Remarks 0 = i0 < i1 < · · · < ik < n
6. Local orbit types of the elliptic orbits
Let (g, h) be a semisimple symmetric pair and σ be an involution of g with
h = Ker(σ − id). Set gc := h + √−1q(⊂ gC). The symmetric pair (gc, h)
is called the c-dual pair of (g, h). In this section, we discuss the relation
between the isotropy subalgebras of elliptic orbits for the s-representation
associated with (g, h) and those of hyperbolic orbits for the s-representation
associated with (gc, h). Then we have the following fact.
Lemma 6.1. For any elliptic element X ∈ q, the centralizer of X in h(⊂ g)
coincides with that of
√−1X in h(⊂ gc).
From Lemma 6.1 we can determine the local orbit types of elliptic orbits
for the s-representation of (g, h) by investigating those of hyperbolic or-
bits for the s-representation of (gc, h). For example, in the case of (g, h) =
(sl(n,R)+sl(n,R), sl(n,R)), we have (gc, h) = (sl(n,C), sl(n,R)). Then it
follows from the above argument that the elliptic principal isotropy subal-
gebra for the s-representation associated with (sl(n,R) + sl(n,R), sl(n,R))
coincides withR[(n−1)/2]+so(2)[n/2] for any n ∈N (see, Table 1). In the case
of n = 4, this result was shown by Boumuki (PROPOSITION 5.1 in [4]). He
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actually determined all the isotropy subalgebras of elliptic orbits for the s-
representation associated with (sl(4,R)+ sl(4,R), sl(4,R)). Our method of
determining the isotropy subalgebras depends on restricted root system the-
ory for semisimple symmetric pairs, and is different from Boumuki’s method,
which depends on root system theory for semisimple complex Lie algebras
and that for compact Lie algebras.
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